Get More Learning Materials Here : &

|
_H
-

1 COMPLEX NUMBERS
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@E‘% Let's Study

e Acomplex number (C.N.)
e Algebra of C.N.

e Geometrical Representation of C.N.

e Polar & Exponential form of C.N.

e De Moivre's Theorem.

Let's Recall

e Algebra of real numbers.

e Solution of linear and quadratic equations

e Representation of a real number on the number
line

e Representation of point in a plane

e Trigonometric ratios

Introduction:

Consider, the equation x> + 1 = 0. This
equation has no solution in the set of real numbers
because there is no real number whose square is
—1. We need to extend the set of real numbers to a
larger set, which would include solutions of such
equations.

We introduce a symbol i (greek letter iota)

such that i = ~/—1 and i2 = —1. i is called as an
imaginary unit or an imaginary number.

Swiss  mathematician Leonard Euler

(1707-1783) was the first mathematician to
introduce the symbol i with i = J-1landiz=-1.

1.1 A Complex number :
1.1(a) Imaginary Number :

A number of the form bi, where be R, b #0,
i = V-1 is called an imaginary number.

Ex: \/?:Si,Zi,%i,—llietc.

Note:
The number i satisfies following properties,
i) ix0=0
i) IfaeR, then (—a2 = \i%? =zia

i) Ifa, beR,andai=bithena=b

1.1 (b) Complex Number :

Definition : A number of the form a+ib, where
a, be Rand i = /=1 with i2=—1 is called a

complex number and is usually denoted by z.

That is z = a+ib, a, beR and i =\/—_1

Here 'a' is called the real part of z and is denoted
by Re(z) or R(z). 'b' is called imaginary part of z
and is denoted by Im(z) or 1(z)

The set of complex numbers is denoted by C

.. C={atib/a be R, and i=-1}

Ex:
z a+ib Re(z) Im(z2)

2+4i 2+4i 2 4

5i 0+5i 0 5
3—4i 3—4i 3 —4

5+ \/__16 5+4i 5) 4
2+./5i | 2+5i 2 J5
T+y3  [(7+y3)40i [(7+y3) | O
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Note :

1) A complex number whose real part is zero
is called a purely imaginary number. Such a
number is of the formz=0+ib =ib

2) A complex number whose imaginary part is
zero is a real number.
z=a+ 01 =g, is a real number.

3) A complex number whose both real and

imaginary parts are zero is the zero complex
number. 0 =0 + Oi

4) The set R of real numbers is a subset of the
set C of complex numbers.

5) The real part and imaginary part cannot be
combined to form single term. e.g. 2 + 3i = 5i

1.2 Algebra of Complex Numbers :
1.2.1 Equality of two Complex Numbers :

Definition : Two complex numbers z, = a+ib
and z, = ¢ + id are said to be equal if their
corresponding real and imaginary parts are
equal.

ie. atib=c+id ifa=c and b=d
Ex.:i) If x+iy = 4+3ithen x=4 and y=3

Ex. :ii) If 7a+ 1 (3a —b) =21 — 3i then find a
and b.

Solution : 7a+ (Ba—b)i=21-3i

By equality of complex numbers

7a=21 Sa=3
and3a—-b=-3 .. 3@3)+3=D
. 12=Db

Note : The order relation (inequality) of complex
number can not be defined. Hence, there does not
exist a smaller or greater complex number than

given complex number. We cannot say i < 4.

1.2.2 Conjugate of a Complex Number:

Definition : The conjugate of a complex

number z = a + ib is defined as a — ib and is

denoted by Z
Ex:1)
z z
3+4i 3 —4i
7i =2 —7i -2
3 3
5i =5i
2+ 3 2+ 3
7+ 5i 7-5i
2) Properties of 7
1) @ =z

2) Ifz=7Z then zis purely real.
3) Ifz=7Z, then z is purely imaginary.

Now we define the four fundamental
operations of addition, subtraction, multiplication
and division of complex numbers.

1.2.3 Addition of complex numbers :
Let z, = a+ib and  z,=c+id
then z + z,= (a+ib) + (c+id)
= (a+c) + (b+d) i

In other words, Re(z,+z,) = Re(z,) + Re(z,)

and Im(z,+ z,) = Im(z,) + Im(z,)

Ex. 1) (2+3i) + (4+3i)=(2+4) + (3+3)i
=6 +6i

2) (=2 +5i) + (7 +3i)+ (6 —4i)

=[(-2) +7+6] +[5+3+(—4)]i
=11 + 4i

Properties of addition : If z , z,, z, are complex
numbers then

i) z+z,= z+z (commutative)

i) z +(z,+z,) = (z,+2,) + z,(associative)

ucnrene €
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i) z,+ 0= 0 + z, = z, (identity)
iv) z + Z = 2Re(z) (Verify)
v) (ZFz) =7, + 7,

1.2.4 Scalar Multiplication :

If z = a+ib is any complex number, then for
every real number k, define kz = ka + i (kb)
Ex.1) If z = 7+ 3ithen

5z 5(7+3i) = 35+ 15i
2) zz = 3—4iand z, = 10— 9ithen

22, + 52, = 2(3 - 4i) +5(10 — 9i)
= 6 8i+ 50— 45i
= 56— 53i

Note: 1) 0.z=0(a+1ib)=0+0i=0

1.2.5 Subtraction of complex numbers :
Let z, =atib, z, = c+id then define
z—z, = z,+(-1)z, = (a+ib) + (—1)(c+id)
(a+ib) + (—c —id)
= (a—c) + i (b—d)
Hence, Re(z,—z,) = Re(z,) — Re(z)

Im(z,—z,) = Im(z,) — Im(z,)

Ex. 1) z, = 443i,z, = 2+
sz~ 7, = (4+30) — (2+i)
= (4-2)+(3-1)i
= 2+2i
2) z,=T+, z, =4i, z,=-3+2i
then 2z, — (5z, + 2z,)
= 2(7+i) — [5(41) + 2(—3+20)]
= 14+ 2i — [20i — 6 + 4i]
= 14+ 2i — [ 6 + 24i]
= 14+2i+6-24i
= 20— 22i

Properties of Subtraction :
1) z — 7= 2Im(z) (Verity)
1) #77) =% - %

1.2.6 Multiplication of complex numbers:

Letz, = a+ib and z, = c+id. We denote

multiplication of z, and z, as z,.z, and is given by
(a+ib)(c+id) = a(c+id)+ib(c+id)

ac + adi + bci + i*hd
ac + (ad+bc)i —bd
z,.z, = (ac—bd) + (ad+bc)i

1772

Zl'ZZ

(: 2= -1)

Ex. 1)z, = 2+3i, z,= 3-2i
o2,z = (2+31)(3-2i) = 2(3-2i) + 3i(3-2i)

= 6 — 4i + 9i — 6i
=6—-4i+9i+6 (. i2=-1)
=12 + 5i
Ex. 2) z, = 2-7i, z, = 4-3i, z, = 1+i then

22).(z,) . (z,)=2Q2-7i) . (4-3i) . (L+i)
(4—14i) . [4+4i—3i-317]

(4-14i) . [7+i]

28 + 4i—98i—14i?

42-94i

Properties of Multiplication :

1) z.z

Z, = z,.z, (commutative)

ii) (z,z,).z, = z,.(z,.z,) (associative)
iii) (z.1) = 1.z, = z (identity)
v) (z,7) =7 .7, (Verify)

v) Ifz=a+ib zzZ =a?+b?
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1.2.7. Powers of i : We have /-1 =i, i? = —1,
i® = —i, i* = 1. Let us consider i", where n is a
positive integer and n > 4.

We divide n by 4 and obtain the remainder 'r".
Let m be the quotient.

Then, n=4m + r, where0<r<4

in = jamer == (=10 =
Similarly,
jm=1= — = j4nm

4m

P=-1P=ixiP=-

_1
==

it —i

i
="
The above equations help us to find i* for any
integer k.

i
w2

.- . .
1 = 1=l |=1

6

\

.- 2 .
i7=i"=-1|=i

R
i'=li’=-i

. 4

l =
7
=1

Fig. 1.1
eg. (i) i = (92 =i=-1
(i) i = (472 =-1
(i) i = (i%)273 = (). i3 = -

Remark : In general,
in =1

i4n+2 — _1,

i4n+l — i1

i+ = —jwheren e Z

1.2.8 Division of complex number :

Let z, = a+ib and z, = c+id be any two
complex numbers such that z,#0

Now,

Z4 a+ib ) .
z, = cHid where z,#0 i.e. c+id #0

Multiply and divide by conjugate of z,.
c—id
"2, " od o
_ (atib)(c—id)
(c+id)(c—id)
_ (actbd)*+(bc —ad)i
- 02 +d2

ac+bd N bc—ad i
c?+d? c?+d?

Where (ﬂj R and [bc_adj eR

c?+d? c®+d?

z, _ a+ib

llustration : If z, = 3+2i, & z, = 1+i,

Z 3H2i
then z, = L+

By multiplying numerator and denominator with

7,=1-i

2 3420 1
z, = 14 1
_ 3-3i+2i-2#
1+1
_ 5
-2
A5 1
z, = 2 !
Properties of Division :
R B
D =7 xjy=1=
1 a—ib
2 arib T ab?
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Ex.4:1f x +2i+15i% = 7x + i® (y+4)

(SOLVED EXAMPLESj )
find x +y, giventhatx,y € R.

Ex. 1 : Write (1+2i) (1+3i) (2+i)™" in the form  Solution:

a+ib X +2i+15i%y = 7x + i® (y+4)
Solution : X H2i— 15y = Tx —(y+4) i
1+2i)(1+3i . .
(1+2i) (1+3i) (2+i)'= % Cois=—1, =)
1+3i42i+6i2  —5+51 2 SoX 15y +2i= Tx —(y+4) i
- 2+i T2+ oo Equating real and imaginary parts, we get
_ —10+5i+10i—5i% _ —5+15i " X —15y = 7x and 2 = —(y+4)
= ap a1 (hF=D | ondz= o)
So—6x — 15y =0 ... (1)) y+6=0...(i)

—5;15i — 43 s y=—6, x= 15 [Solving (i) and (ii)]
LX+y=15-6=9

. 1 2 3 5
Ex. 2 : (Activity) ExpressT t tE T

3
in the form of (a + ib). NI
Ex. 5 : Show that | ~—+~ | =1i.
X ow tha (2 J |

Solution : i2=—1, iB=—i, i*=1 2
1 1 1 1 Solution :
=0, 7=, 5=, %=1 GO (B
1 i 3 i L.HS. = 7"'5 = 5
T + i2 + |—3 + i
1) +2C ) +3CD+50C ) (V3) +3(+3) 143431 + Gy
= I:l +i I:l = (2)3
a=L_] b=[_]
33 49i-33—i
Ex. 3 : Ifaand b are real and _ 8
(i*+3i)a + (i—1)b + 5= 0, find a and b. _ %
Solution : (i*+3i)a + (i—1)b + 5i*= 0+0i -
i.e. (1+3ia+ (i—1)b— 5i=0+0i —RHS.
-.a+3al+ bi—b-51=0+0i
ie. (a—b)+ (3atb—5)i = 0+0i
By equality of complex numbers, we get
a—b =0 and 3a+b—5 =0 (EXERC'SE 1-1J
-.a=b and 3atb=5
. 3a+a =5 1) Simplify :
4a . S i) 16+ 325 +4-36 —v—625
LAy i) 4=4+5+-9 —3-16
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2)

3)

4)

5)
6)

7)
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Write the conjugates of the following
complex numbers

i) 3+i i) 3— i i) —/5— /7i
iv)-v-5 V) 5i vi) VB —i

vii) V2 +/3i viii) cosO + i sin®
Find a and b if

i) a+2b+2ai=4+6i
ii) (a-b) + (atb)i =a + 5i
iii) (a+b) (2+1)=b+ 1+ (10 + 2a)i
iv) abi=3a—b+ 12i
1
a+ib
vi) (@+ib) (L+i)=2+i

V) =3-2i

Express the following in the form of a+ib,
a, beR i =+/-1. State the values of a and b.

i) (1+2i)(—2+i) i) (1+i)(1-i)"
. i(4+30) (2+i)
WTa@ T Veaa)
1+i Y . 3+2i  3-2i
V) (Tﬂj VD 5750 * 2
vii) (1+0)°  viii) ji\f—i
iX) (—/5+2v=4)+ (1-v=9) + (2 +3i)(2-3i)
. . 4if=3i"+3
X) (2+31)(2-3i) xi) Mﬁ

Show that (—1+\/§i)3 is a real number.
) 2),.. . .
Find the value of (3 +Tj (i) (1+it)
[

Evaluate the following :

i )i i) iv) it
1
VI vy vil) i

V|||) i30 + i40 + i50 + i60

8) Show that 1 + i°+i?°+i* is a real number.

9) Find the value of
i) 40+ 08+ 80 + L0

i) i+i2+i2+i

§592 4 590 4 j588 . 5864 {584

10) Simplify : i

582 4 j580 4. j578 4 5764 574
11) Find the value of 1 + i?+i*+i5+i8+ .. +i%°
12) Show that 1 + 10+ {100 —ji000=(Q,

13) Is (1 + i+ i +i%?) a real number? Justify
your answer.

14) Evaluate : (i” +ij

67
|

1 4
15) Prove that (1+i)* x [Hfj = 16.

: [ i
16) Find the value of ————
i2+i
—1+43i ~1-+/3i
17) Ifa= 2\/_ , b= 7 then

show that a?=b and b?=a.

X
18) If x+iy = (a+ib)3, show that s % = 4(a*>-b?

a+3i .
19) If o+ib 11, show that (5a—7b) = 0.
a+ib
20) If x+iy = ,
) y +id
a2+h?
prove that (x?+y?)? = o

21) If (a+ib) = % , then prove that (a?+b?) = 1.

J7+i3 ﬁ—ix/gj .
is real.

S5 T+i3

23) If (x+iy)® = y+vi the show that

(Lz] — 40cy?)
X

22) Show that [

y
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24) Find the value of x and y which satisfy the
following equations (x, yeR)

i) (x+2y) + (2x-3y)i+4i =5

.. X+1 -1
—— 4+ =
) 1+i 1-i I
(ctiy) | 2+ _ 9
iii) 13i +o 3 T 13 (1+1)

iv) If x(1+3i) +y(2—i) — 5+ i*= 0, find x+y

V) If x+2i+15i% = 7x+i® (y+4), find x+y
1.3 Square root of a complex number :
Consider z = x+iy be any complex number

Let \/x+iy =a+ib, a, beR

On squaring both the sides, we get

x+iy = (a+ib)?

X+iy = (a®>—b?) + (2ab) i
Equating real and imaginary parts, we get

X = (a*>-b?) andy = 2ab

Solving these equations simultaneously, we can
get the values of a and b.

Solved Examples:
Ex.1 : Find the square root of 6+8i.

Solution :

Let, J6+8i=a+ib (a, beR)

On squaring both the sides, we get

6+8i = (a+ib)?
. 6+8i = (a>-b?) + (2ab) i
Equating real and imaginary parts, we have
6 = a>—b? e (1)
8=2ab . (2
. 4 )
.a = b X
4
. (1) becomes 6 = (B) —b?
16 ,
i.e. 6= B~ b

putb? = m

. m2+6m—16=0

. (M+8)(m—2) =0

" m=—-8 or m=2
i.e.b?=-8 or b2=2
but b is a real number
So,b?=2 . b=%2
For,b=\/§,a:2\/§

L J6+81 =242 +V2i=+2@2+i)
For,b=—\/§,a=—2\/§

L J6+8i =232 -2 i=—2(2+i)

. Jo+8i =2 (2+i)

EX. 2 : Find the square root of 3 — 4i

wb? #-8

Solution :

Let /3—4i =a+ib a beR
On squaring both the sides, we have
3 —4i = (a+ib)?
3 —4i=(a®>b?H)+ (2ab) i
Equating real and imaginary parts, we have
a>~b*= 3, 2ab =—4
As (a*+b?)? = (a>-b?)? + (2ab)?
(a%+h?)2 =32 + (—42 =9+ 16 =25
(a®+b?)? = 52
oo ath?=5
Solving a?+b? =5 and a*>-b?= 3 we get
2a’= 8
a?= 4
a = 2
For a=2;
-4 4

2@ 20

4
—=1

2070

For,a=

SoA3=4i =2—lor—2+I
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1.4 Fundamental Theorem of Algebra :

'A polynomial equation with real coefficients
has at least one root' in C.

or 'A polynomial equation with complex
coefficients and of degree n has n complex roots'.

1.4.1 Solution of a Quadratic Equation in
complex number system :

Let the given equation be ax? + bx + ¢ = 0
where a, b, ceR anda#0

The solution of this quadratic equation is
given by
. = —b+~b* —4ac
N 2a
Hence, the roots of the equation ax?+ bx + ¢ =0

o ~b+~b* —4ac and —b—~b* —4ac
2a 2a

The expression (b>—4ac) = D is called the
discriminant.

ar

If D <0 then the roots of the given quadratic
equation are complex.

Note : If p +iq is the root of equation ax?+ bx + ¢
=0wherea, b,ceR and a+#0thenp —iqisalso
a solution of the given equation. Thus, complex
roots occur in conjugate pairs.

Solved Examples :
Ex.1:Solvex?*+x+1=0
Solution : Given equation is X2+ x+1=0
Comparing with ax? + bx + ¢ = 0 we get
a=1 b=1c=1
These roots are given by
—b++b* —4ac
- 2a
~1+/-3
2

“1+£+/3i
2

+/3i ~1-B3i

-1
. Roots are 5 and

Ex. 2 : Solve x*~(2/3+3i) x +6+/3i=0
Solution : Given equation is
X*—(2/3+3i)x+6+/3i=0
The method of finding the roots of

ax? + bx + ¢ =0, is applicable even if a, b, ¢

—b+~b* —4dac

2a

are complex numbers. where x =

Here,a=1,b=—(2+/3+ 3i),c=64/3i
b2 —4ac =[-(2/3+ 32— 4 x 1 x 6./31i
=12 -9+ 12./3i — 24/3i
=3-123i
=3 (1-43i)

So, the given equation has complex roots. These
roots are given by

(2x/§+3i)i\/3(1—4\/§i)

X = 5
Now, we shall find y1-4+/3
Leta+ib=\1-43i

o a2—b?+2iab=1-4./3i

s a2—b?2=1 and 2ab=-4.3
a2—b2=1 and ab =-2./3

(@®—b?)* + 4 a’h?

1+4(12) =49

ai+hbh? =7 ..()

andalsoa?—b*=1 ..(2)

Solving (1) and (2)

2a°=8 Lat= 4

~a=+2 and b=+./3

Consider (a2 + b?)?

.. We have four choices
b=43 .. (3)
b= —\/§ .. (4

a=2,

a=2,
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. (5)

a=-2, b=.3
b=—V3 .. (6)

a=-2,

With this combination, the condition

ab = —2./3 should also be satisfied.

We can verify the values of @ and b given by
(4) and (5) satisfy the condition and that from (3)

and (6) do not satisfy the condition.
Hence, a=2, b=-.3
and a=-2, b=.3

so1=431 =+ (2 -31)

.. The roots are given by

(2v3+3i)+3(2-+3i)
2
So, the roots are 2+/3 and 3i.

X =

Ex. 3 : Find the value of x3—x?+ 2x + 10
when x =1 +/31.

Solution : Since x = 1 + /3
~ox=1 =3
squaring both sides, we get
(x=1)? = (V3i)?
SXE=2x+1 =302
i.e. x2=2x+1=-3
SLXE=2x=-4 (I
X3=x2+2x + 10 = x3— (x2—2x) + 10
=x3—-(-4)+10=x3+ 14
=(1+/3i)3+14
=1+3J3i-9-3/3i+14
=6

Ex. 4 : If x = =5 + 2.4, find the value of
x*+9x3 + 35x? — X + 64.

Solution : X ==5+2+J—4 =-5+2(2i) =5 + 4i
Let P(x) = x* + 9x3 + 35x2 — x + 64
Form the quadratic expression g(x) with real
coefficients and roots o = —5+4i and a =—5-4i.
aa = (—5+4i)(—5-4i) = 25 + 16 = 41
o+ a=(—5+4i) + (-5-4i)=-10
Therefore q(x) = x* + 10x + 41
Now g(a) =a?+ 10 +41=0 ..(2)
We divide the given polynomial
p(x) by q(x).
X2—x+4
x2+10x+41> x*+ 9x3+35x% —x+64
x*+10x3+41x?

— X3+ 6X°— X
—x3—10x*— 41x

4x?+ 40x + 64
4x?+ 40x +164

—100
p(x) = (x> + 10x + 41) (x> —x+4) — 100
p(a) = q(a) (0> — o +4) — 100
p(c) =0 — 100 = — 100 (By I)

( EXERCISE 1.2 )

1) Find the square root of the following
complex numbers

i) —8—6i i) 7+24i iii) 1+4 /31
iv) 3+2 /101 v) 2(1-+/31)
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2) Solve the following quadratic equations.
i) 8x+2x+1=0
i) 2¢—3x+1=0
i) 3x2-7x+5=0
iv) xX>~4x+13=0
3) Solve the following quadratic equations.
i) x*+3ix+10=0
i) 2x2+3ix+2=0
i) x2+4ix—4=0
iv) ixX>~4x—-4i=0
4)  Solve the following quadratic equations.
i) x2—Q+)x—(1-71)=0
i) xX2— (32 +2i)x+62i=0
iii) x2—(5-i) x+ (18+i)=0
iv) (2+0)x>=(5-i)x+2(1-i)=0
5) Find the value of
i) X®—Xx2+x+46, if x = 2+3i.

i) 2x3 — 11x2+44x+27, if
: 5

i) x3+x>—x+22, ifx= 121 -

iv) x*+9 x3+35x>—x+4, ifx= —5+/—4 .
V) 22X+ BXCHTXx+41, if x = -2 f31.

1.5 Argand Diagram or Complex Plane :

A complex number z = x + iy, X, yeR and
i = /-1 is expressed as a point in the plane whose
co-ordinates are ordered pair (X, y). Jean Robert
Argand used the one to one correspondence
between a complex number and the points in a
the plane.

Letz = x + iy be a complex number.
Then the point P(x, y) represents the complex

number z = x + iy (fig.1.2) i.e. X + iy = (X, Y),
X = Re(z) is represented on the X-axis. So, X-axis

is called the real axis. Similarly, y = Im(z) is
represented on the Y-axis, so the Y-axis is called
the imaginary axis.

N
.:Cz;
o (XK P y)=2
£ D
L
) 0 (Real Axis) -
N
Argand Diagram
Fig. 1.2

e.g. ()(1,2)=1+2i
(3) (0,0)=0 + 0i
$)O0,-1)=0-1i

(2) —4+3i=(-4,3)

(4) 5+0i = (5, 0)

(6) 2-2i=(-2,2)
A diagram which represents complex

numbers by points in a plane with reference to

the real and imaginary axes is called Argand's
diagram on complex plane.

1.5.1 Modulus of z :

If z = a+ib is a complex number then the
modulus of z, denoted by | z | or 1, is defined as

| z | = Ja®+b° . (From fig. 1.3), point P(a, b)
represents the complex number z = a+ib.

sr=1z2|=+a?+b*>=0P

Hence, modulus of z is the distance of
point P from the origin where the point P
represents the complex number z in the plane.
e.g. For, z=4+ 3i,

Modulus of z=|z | = V16 +9 =25 =5

1.5.2 Argument of z :

OP makes an angle 6 with positive direction
of X-axis. 0 is called the argument or amplitude
of the complex number z = a+ib, denoted by

arg(z).
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P(a,b)

A

0]

v

Modulus and Argument of z

LB =tan'=

e.g. If z=2+2i then

— e =t -1 (gj
arg(z) =0 =tan >

T
:Jm%D:Z

b
) -

Note : If tan x =y then its inverse funtion is given

byx=tan'yorx=arctany

Fig. 1.3 cg:
b T 1 h . 1 n
c.8inG =——, €00 = —, r#0 1) Astan6—\/§tentan “\J3)7 6
. — roi — T
. b =rsinb , a =rcosd 2) Astan (_Ej:_tan_:_l then
b 4 4
andtan6 =—, ifa#0
tan”! (—1)= ——
D=-7
1.5.3 Argument of z in different quadrants/axes :
O=argz
i b
z=a+ib Example Quadrant/Axis =tan! (;) , from Example
(0<6<2n)
a>0,b=0 723 Onp05|t|v§real 0=0 0=0
(X) axis
b
6 =tan! (—] .
a>0,b>0 z=1+i In quadrant | a (1Y Z
0 =tan?| -
(0<o6< E) 1) 4
B L On Positive T _
a=0,b<0 2=l imaginary (Y) axis 0= 2 0= 2
b
0 =tan? (—) +n [0=tan? (Lj +7
a<0,b>0 Z2=—/3 +i In quadrant 11 T a —\/55
(;<6<m) oz, _5
2 5 + 7 5 )
a<0,b=0 ;=6 On negatlv_ereal 0=n 0=r
(X) axis
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a
a<0 b<0 7=-1-3i In quadrant 111 . 371) - an
nT<o< — = —417=—
3T 3)
_ . On negative ﬁ _ﬂ
a=0,b<0 = imaginary (Y) axis 9= "7 2

b (1
O=tan? | — |+ 2n G—tanl(Tj+2n
a
2

a>0,b<0 z=1-1i In quadrant IV
(37t <0< 2n) 7 5
o = — 4 = —
2 g =)
:SOLVED EXAMPLEsj AT |:| 2 12
z
. Vi) Z1 = |Z_‘ ! ZZ# 0
Ex. 1:Ifz=1+3i, find the modulus and amplitude 2 2
of z. vil) |z2,+2] < |z|+]|z)

Solution : z=1+3i herea=1,b=3anda,b>0

. - 2 2 =
Sz =143 V1o ix) |z,—z,fP=|zP+|z)*—2Re (2,7))

b 3
amp z = tan! (;)ztanl(Tj:tan‘ 3) X) |z,+z,P+|z -z =2(z,+|z,P)

xi) |az,— bz [*+]|bz+az)|?

viil) | 2, +Z,P =]z |*+| ] + 2Re (2,Z,)

Ex. 2 : Find the modulus, argument of the

complex number —7 + 24i. = (@+b?) (|2 +[z,f) wherea, beR
Solution : let z = —7+24i a=-7,b=24 Properties of arguments :
2= @) +(24)° = V625 =25 1) arg(z.z,)=argz +argz,
Here, z
, 2) arg(z—g =argz —argz,
e, (24
arg z = tan 1(aj-tan 1(_—7j 3) argz+argZ =0, arg (zZ) =0

1
. 4) arg7Z =- z=arg—
Asa<0,b>0,0 lies in 2" quadrant. ) arg e g z

5) |Ifargz=0thenzis real
Properties of modulus of complex numbers :

1.5.4 Polar form of a complex number :
Ifz,, z,, z, are complex numbers, then

. b _ Let the complex number z = a+ib be
) |z]=0=z=0ieRe() =Im(z) =0 represented by the point P(a, b) (see fig 1.4)

i) |z|=[-z| =[7Z] = [-7] b

Let m/XOP =0 =tan* ; and I(OP) =r

i) Az[ < Re@ = [z} -zl < Im() < |z| =a? +b? >0, then P(r, 0) are called the Polar

iv) 27 = |z

Co-ordinates of P.
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We call the origin as pole. (figure 1.4)

AY
P(a,b)=P (r,e )
BN
Y
& b
0 =arg(z)
& '_ N
Pole O a M X
v

Polar Form of

Fig.1.4

As a

.z =a+ib becomes

rcosd, b =rsind

z =rcosd + irsind
z =r(cosb + isino)

This is called polar form of complex number
z =a+ib

1.5.5 Exponential form :

It is known and can be proved using special
series that e = cosO + isin0

.z = a+ib=r(cosO +isind) =r e*

where r =]z | and O = arg z is called an
exponential form of complex number.

Solved Example:

Ex. 1 : Represent the complex numbers

z= 1+, 7 =1+, — 7 = —1+i, —z= —1-1 in
Argand's diagram and hence find their arguments
from the figure.

Solution :

arg z is the angle made by the segment OA
with the positive direction of the X-axis. (Fig.1.5)

Fig. 1.5

Thus, 6 together with r gives the position of
the point A in the Argand's diagram.

Hence, from the figure 1.5,

3rn

arg (—Z7)=135°= 7

T
arg z= 45°=Z ,

St n
arg (—z)=225°= 7, arg 7 =315°= 7

Ex. 2 : Represent the following complex numbers
in the polar form and in the exponential form

i) 4+43i )2 ii)3i  iv)—+3+i
Solution :

i) Let,z=4+4.3i

a=4,b=4.3

r =4 +@3) =J16+48 =64 =8

As 0 lies in quadrant |

0 = tan’! (gj =tan’! (#J

T
=tan!(4/3) = 5 0r60°

@g www.studentbro.in



The polar form of z=4 +4./3i is

z r (cosO + i sin0)

8 (cos 60° + i sin 60°)

V4

T .. N
= 8(cos§+|sm§)
The exponential form of z = 8§ el(gJ
i) Letz=-2
~a=-2,b=0

Hence, r= {/(-2)>+0* = J4=2

As point (-2, 0) lies on negative real axis
0 = n® or 180°

.. The polar form of z=2(cos180°+i sin180°)
=2 (cos m+ isin m)

.. The exponential form of z = 2e'™

i) Letz= 3i
a=0, b=3
Hence, r = {0*+3% =3

As point (0, 3) lies on positive imaginary axis
C

0= 5 or 90°

.. The polar form of z = 3(c0s90° + i sin90°)
T .. T
=3 (cos 7 tisin 7)
.. The exponential form of z = 3e 2

V) Let, 2=—3 +i
a=-+3, b=1

r=J =3+ =\V3+1=+4=2

As (— /3, 1) lies in quadrant II

-3 6

1 T
tanl(—j +n=—-——+n

Sn

6

The polar form of

r (cosO + i sin0)

V4

Sn . . 5m
z = Z(COST“S"‘T)

The exponential form of

)

z=re%=2e¢

3y .
EX. 3 : Express z = V264" inthe a+ ib form.

3m ; .
Solution: z= 2.3 "' =rei

3n
Sor= \/E'O:T

As the polar form of z is
z=r(cosO + i sinod)
3n . . 3m
=2 (cosT+|smT)

By using allied angles results in trigonometry, we
get

3 (_j LI
CcosS 4 = COs 4 ——COS4 ——\/5

. 3m ﬂ_E_.n_L
SlnT—Sln 4 =SSN — =

eafily)

= 1+i

Smo;

Ex. 4 : Express (i) 3e12 xd4el
2 cos - +isin "~
12 12

J ina+ib form

i)

( St .. 57rj
2] cos —+1sin—
6 6
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7 L
Solution: (i) 3.2 x 4.e

~ 3wy i)
om Ly
=12e2 =12¢e2
=12 (cos£+i sinzj
2 2
=12 (0 +i) = 12i
\/E(cosgﬂsin;;) ﬁe%i

Sm;

Z(COSSﬂ-i-iSinsnj 206"
6 6

(ﬁ}(mf ( ﬁ}(iﬂf

(1)

2

(o)

(EXERCISE 1.3)

1) Find the modulus and amplitude for each of
the following complex numbers.

i) 7 —5i i) 3+/2i iil) -8 + 15i
iv) =3(1-i) v) —4—4i vi) /31
vii) 3 viii) 1 + i iv) 1+i3

x) (1+2i)2 (1-i)

2) Find real values of © for which [—4 + 3_' s.m 0 J
is purely real. 1-2isin6

3) Ifz=3+ 5ithen represent the z, Z,—2,-Z in
Argand's diagram.

4) Express the following complex numbers in
polar form and exponential form.

) —1+43i1 i) —i i) -1 iv)
1-3i (2-i)?
5) Express the following numbers in the form
X+iy

i) /3(cos % + isin %)

n n
i) 2 (cos 7t isin T)

o ol 23]

T s 5
iv) es v)es vi)es
6) Find the modulus and argument of the
1+ 2i
complex number ——.
1-3i
7) Convert the complex number
i—1

zZ= T .. T
COST+ISIHT

in the polar form.

8) For z = 2+3i verify the following :
i) (2)=1

iii) (z+7) is real

i) zZ =|z|?
iV)z— 7 =6i

9) z,=1+i, z,=2 - 3i. Verify the following :

|) Zl"'Z2 = Zl + Z2
i) 272, =7, -7,
i 57, =7 .7
) (] =2+

) 2
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1.6 De Moivres Theorem: A T
) ) cos| 8x— |+isin| 8x—
Ifz = rle'el and z, = rze"’z ( 3 j ( 3 j

3 3

= i(01 +05)
r.r,ewirr

That is if two complex numbers are ( 8_”_2ﬂ :2_”j
multiplied then their modulii get multiplied and 3 3
arguments get added. TY .. T

= COS 71'—3 +1S1n 71'—?

i0,

4 _he _ [QJ /(@0
i0, :

z, ne 7

That is, if one complex numbers is divided

I

|

o

o)

W
A/
w |y
~—

+

“.

5
I/
w9y
~

by the other, then their modulii get divided and =_ l+ i ﬁ
arguments get substracted. 22
In 1730, De Moivre propsoed the . r .. Y
following theorem for finding the power of (i) (COSE_'SIH Ej
a complex number z = r (cos® + i singd), as
[r(cosO + i sinB)]" = r"(cos nO + i sin nO)] _ COS(ﬁ_ﬂj_ o (15_71)
forany n € z. 10 10
The proof of this_theorem can be given using —  cos [_) i sin(—j
the Method of Induction (Chapter 4). 2 2
For example: = cos(n + %) —1 sin(n + %)
i) (cosO +isinB)® = (cos50 + i sin50) - -
i) (cosd + isin®) = cos(—0) + i sin (—6) = _COSE_'(_SIHE)
2 2 2 - _0—i(=N =i
iii) (coso +isinB)3 =cos (EOJ +1isin (gej - 0-i(=D=1

i (cos 50 +isin 50)°
(cos46 —isin 40)’

cos100 +isin1060
cos120 —isinl26

cos100 +isin100

|

i) (COS——IS]n—)lS - cos(—129)+isin(—129)
(
(

Solved Examples: (ii

Ex. 1 Use De Moivres Theorom and simplify.

8
COS—+ Isin —j

cos [100 — (~1260)] + i sin [100 — (~120)]

c0s 50 +isin50)’ cos 220 + i sin 220

cos40 —isin 49)

iii)

Ex. 2 Express (1 +i)*ina + ib form.

8
Solution: (i) (cos%ﬂsin%j Solution : Letz=1+1
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= JFi=vE. IR N T ey

x
6 =tan” y _ = % (1-2i 43 -3)
=tan* 1= 7 :%(_2_% A)
- z=r(cosB +isin®) = \/E{cos%+ i sin%} g3
-2
pr s \/E[COS%-'_ ! sin%T Similarly it can be verified that [—l—zi\/ng
= \/E[cos%rﬂsin%} = —1+2ix6

. Thus cube roots of unity are 1,
= V2[cosz +isinz]

- \/5[—1+i(0)] —1+2i\/§’ (_Hzi\gJ
= \/7 - :—\/_ = — + 0i . —1+i 2
2[ 1] v2 +0 Let _1+2|\/§ =W, then( 1 2\/§j =w?

1.7 Cube roots of unity :

Hence, cube roots of unity are 1, w, w?
Number 1 is often called unity. Let x be the Y

cube root of unity i.e. 1 —1+i3 —1+i\3 ’
wherew = and w?=
xX=1 2 2
X3_1 = O 2Tl.’i 4T|:i

Xx—1=0or xX*+x+1 =0 Properties of 1, w, w?
—li\/m i) wis complex cube root of 1.
Xx=1orx = | W= 1
_1+J/=3 i) wi-1=0
x=1lorx=—7>r— i.e. (W—1) (wW2+w+1) =0
—1+i/3 Sow=l or wi+w+1 =0
x:10rx=T but w1
Cube roots of unity are . W2Hw+1 =0
1, #, —1—2i\/§ iii) sz% and er —w

Among the three cube roots of unity, one is 1) W'=1 so w=1

real and other two roots are complex conjugates  v) w'=w?.w=w so w"l=w

of each other. vi) wi=w? wd=wal=w? Sowi2= w2
2 ..
_ ~1+i\3 vii) W =w?
2 viii) W2=w
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1.8 Set of points in complex plane

If z = x + Iy represents the variable point
P(x,y) and z, = x, + Iy, represents the fixed point
A (x,y,) then (i) | z—z| represents the length of

AP

/ P(x.»)

A(xn yl) |Z'ZI|=AP
Fig. 1.6

(2) |z—zl| = a represents the circle with centre

A(x,y,) and radius a.

P(x, y)=P(2)

|z-z,|=a

Fig. 1.7

3) |z—zl| =| z—zz| represents the perpendicular
bisector of the line joining the points A and

B.
\\
\
\
\ B (z,)
A(z,)
A | z-z,|= BP
|z-z,|= AP \\P(Z)
\\
\
\
\
\
Fig. 1.8

Illustration:

Forz =2+3i,z,=1+iandz=x+1y

(i) |z—z|=|(x+iy)-Q2+3i)|=|x+iy-2-3i
= J(x=2)+i(y=3)| = J(x=2) +(y=3)’

represents the distance between (x,y) and
(2,3).

(ii) If |z—z|=5, then
|(x+iy)—(=1+0)| =|(x+D+i(y-1)|=5
@) +(y-1)7 =5
LD H(y-1)72 =5

represents the circle with centre (—1,1) and
radius 5.

(iii) If |z—z,|=|z-2,| then
|(x+iy)—(2+3i)|=|(x+iy)—(—1+i)|
|(x—2)+i(y—3)|=|(x+1)+i(y—l)|
L (x=2 + (=3 =(x+ D)+ (y-1)°
X —4x+4+1Y"—6y+9

=X +2x+1+y* =2y +1
 —6x+4y+11=0 ie. 6x+4y-11=0

represents the perpendicular bisector of line
joining points (2,3) and (-1,1).

(SOLVED EXAMPLES)

Ex. 1 : If wis a complex cube root of unity, then
prove that

1 1

1) w WS

i) (1+w2)® =—1

-1

i) (I-w+w?)® =-8

Solution : Given, w is a complex cube root of
unity.

Sowi=1 Also w?+w+1 =0

Get More Learning Materials Here : &
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W2+l =—w and w+l =—w?
1 1 w+1 —W?
Dowtw T e T we T

i) (1+w?)? =(-w)P=-w® =-1
i) (1-w+w?)?® = (1+w*w)?
= (—w-w)®* (. 1+w2=-w)
= (2w)PP=—-8wW=—-8x1=-8
Ex. 2 : If w is a complex cube root of unity, then
show that
1) (1-w+w?)s+ (1+w-w?)°= 32
i) (I-w)(1-w?) (1-wH(1-w®) =9
Solution :

i) Sincew?=1

andw#1 . w?+w+1 =0
Also w?+1 =—w, w?+w =-1
and w+1 =—w?

Now, (1-w+w?)?
= (—w-w)> (. 1+w?=-w)
= (—2w)°
= —32w°
(1+w-w?)° = (—w—w?)°
= (—2w?)°
= —32w¥
S (1=wAHw?)® + (1+w—w?)° = —32ws—32w10
= —32w3(1+w?)
= —32WSx(—w) = 32wb = 32(w?3)?
=32x(1)?=32

i) (1-w)(1-w?) (1-w)(1-w°)
= (1-w)(1-w?) (I-wi.w)(1—w2w?)
= (1-w)(1-w?) (1-w)(1-w?)
= (W)L

= [(1-w)(1-w)P
= (1-w?—w+w?)?
= [1-(w*+w)+17]?
= [1=(—1)+1]? = (1+1+1)2 = (32 =9
Ex. 3 : If wis a complex cube root of unity such

that x=a+b, y=aw+bw? and z=aw?+bw, a, beR
prove that

i) x+y+z=0 ii) X*+y3+z°=3(a3+b?®)
Solution : Since w is a complex cube root of unity
~ wi=1and w?2+w+1 =0 butw#1 given

LWl =—w, wHl=—w2 wi=wb=1

i) x+y+z = atb+aw+bw?+aw’+bw
= a(1+w+w?)+b(1+w+w?)
= a0+ho
=0

i) x3=a%*+3a’h+3ab>+h?
y® = a®w+3azbw*+3ab?wS+b3wo
z® = a®wb+3a*hbws+3ab2wi+biw?
adding the above three equations

X3+y*+7° = @3(1+wi+wP)+3a%b (1+w+w?) +
3ab? (1+w2+w)+b3(1+ws+w?)

= 3a% +3a?b(0) +3ab?(0)+3b*
=3(a%+ b®)

Ex. 4 : Prove that
1+w+w? = 3, if n is multiple of 3
1+w"+w2'= 0, if n is not multiple of 3, neN

Solution : for n, keN, if n is multiple of 3 then
n=3k and if n is not multiple of 3 then n=3k+1 or
3k+2

- if nis multiple of 3
i.e. n=3k

then 1+w™+w?" = 1+w3*+w2:3k
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= 1+ (We)k+(wd)% 4) If aand B are the complex cube root of unity,

= 141 (1) show that
2 2 —
14141 (@ a’+p*+ap =0
Zq (b) a*+p*+a'pt =0
fn=3k+r r=12. 5) Ifx=ath,y=aa+pb and z = af+ba Whgre
o and B are the complex cube-roots of unity,
As w is complex root of Unity. show that xyz = a3+b?

W', r = 1,2 is also complex root of Unity. 6) Find the equation in cartesian coordinates of
Sl+w+wr=0 the locus of z if
we have, 1+w"+w?'=0, if n is not a multiple of 3. (i) Iz =10 (i) |z-3=2
(iii)|z—=5+6i =5 (iv) |z+8 =|z-4
) lz-2-2il = |z+2+2il
(VI) |Z+3i| -1

|Z - 6i|

(EXERCISE 1.4)

1) Find the value of
7) Use De Moivres theorem and simplify the

i) ws w2 diw3 iv)we )
following
2) If wis a complex cube root of unity, show i (cos20 +isin 29)7
that (cos40 +isin 40 )3

) (2-w)2-w?) =7
i) (L+w—w?)° = 64
i) (1+w)*—(1+w?)? = 0

cos 50 +isin 50
(cos36 —isin30 )2

4

iv) (2+w+w?)3—(1-3w+w?)% = 65 (cos7ﬂ+ i sin ZZ)
V) (3+3w+5w2)° —(2+6wW+2w?)* = 0 i) 4 g
vi) Srbweews 13 13

ctaw-+bw?
vii) (a+ b) + (aw + bw?) + (aw? + bw) =0 8) Express the following in the form a + ib,
viii) (a — b) (a— bw) (a— bw?) = &° — b a, be R, using De Moivre's theorem.
iX) (a+b)?+ (aw + bw?)? + (aw? + bw)? = ) (L0 i)+ i) (1 -3y

6ab iv) (-243 - 2i)°

3) If wisacomplex cube root of unity, find the &
value of Let's Remember
1

1 — 11 2 3 4 2\3
Wy ) witwekwt i) (1w e Anumber a+ib, where a, be Rand i = /-1,
iv) (I-w—w?)% + (1-w+w?)? is a complex number.
V) (1+w)(1+w?) (1+w*) (1+w8) e Letz =a+ibandz, = c+id. Then

7, + 7, = (a+c) + (b+d)i
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z, — z, = (a—=) + (b—d)i
z,.z, = (ac—bd) + (ad+bc)i

z, (ac+bd bc—ad ).
il ezl R el
z, ¢ +d c +d
e For any non-zero complex number z = a+ib

1_a . —b

7z a2+b2 a2+b2

e For any positive integer k,

I4k - 1, |4k+1 - I, I4k+2 — _1’ I4k+3 =—

e The conjugate of z=a+ibis7Z,is given by 7

=a—ib
e The polar form of the complex number
Z = x+iy is r (cos® + i sinB) = r e where

Jx?+y? is called modulus and

cosO = % , SinB = % (6 is called argument

r =

—tant | 2
of z) arg (z) = tan (xj

e W is complex cute root of unity then
1+w+w?=0, w?=1

MISCELLANEOUS EXERCISE -1

I) Select the correct answer from the given
alternatives.

1) Ifnisanodd positive integer then the value of
1+ (i) + (i) + (i) is :

A)—4i B)0O C)di D)4
592459045884 j586. 4584
2) Thevalueofis 5574 15807 5784 (5764 1574 19 equal

to:

A) -2

3) J-3+/-6 isequalto
A)—34J2 B)342 C)342i D)-32i

B)l ()0 D) -1

4)

6)

7)

8)

9)

10)

)
1)

If w is a complex cube root of unity, then the

value of w”?+w+w! jg
A)-1 B)l 00 D)3
If z=r(cosO+isin®), then the value of %+§

A) cos20 B) 2cos20 C) 2cosd D) 2sin6

If w(#1) is a cube root of unity and (1+w)’
= A + Bw, then A and B are respectively the
numbers

A)0,1 B)I1,1

C)1,0 D)-1,1

The modulus and argument of (1+i~/3 )¢ are
respectively

21 8n
A) 2 and 3 B) 256 and 3

21 4
C) 256 and 3 D) 64 and 3

If arg(z) = 0, then arg (7) =

A)-6 B)6 C)n-6 D)n+o

If—1++/3i=re®  then 0= ..ooooovver.... .
27 T T 27

A-3 B3 O-3 D35

If z=x+iy and |z—zi| =1 then
A) z lies on x-asis B) z lies on y-asis

D) z lies on a rectangle C) z lies on a circle

Answer the following.

Simplify the following and express in the
form a+ib.

) 3+4/=64 i) (2% i) (2+3i)(1—4i)
+3
1-

Vii) (1+—) (3+—) (5+i)7" wiii) §+§:

|v) > i(—4-30) V) (1+3i)%(3+i) V|)

5+7i

X) 5+7i
4+3i

4-3i

3iP+2i"+1°

iX)

io+2i8+3i18
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2)

3)
4)

5)

6)

7)

8)

9)

Solve the following equations for x, yeR

i) (4-5)x+ (2+3i)y = 10-7i
L Xy
i) o3 7-i

i) (x+iy) (5+6i) = 2+3i

V) 2x+i%y (2+i) = xi'+10i®

Evaluate 1) (1-i+i?)™"* i) (iIt31+i%)
Find the value of
i) x3+2x2-3x+21, if x = 1+2i.

i) X*+9x3+35x>—x+164, if x = —5+4i.

Find the square roots of

i) ~16+30i ii) 15-8i iii) 2+2~/31

iv) 18i  v) 3—4i vi) 6+8i

Find the modulus and amplitude of each

complex number and express it in the polar
form.

iii) i iv) %

J— J—

Represent 1+2i, 2—i, —3—2i, —2+3i by points
in Argand's diagram.

i) 8+15i ii) 6-i

V) 2i vi) =31 vii)

5
Show that z = (1 1)(2 1)(3 1) is purely

1mag1nary number.

Find the real numbers x and y such that
X y 5+6|
1+2i T 3+2i T —1+8i

10) Showthat(%+ %)m (%— %)w:o

11) Show that (1+ij8+(1_i]8 2
ow that | —= — | =2
V2 V2
12) Convert the complex numbers in polar form
and also in exponential form.

) 2+ 63
) 2= 5+
i) z=-6+2i
iii) _23 +il

13) If x+iy :%,
(—1+\/3 ’

j is a rational

prove that x?+y?=1.

14) Show that z =

number. 2
1-2i 1+2i .
15) Show that a4 * 34 S real.
i204394+i4 .. (s 1
16) Simplify 1) W i) (I +i1?)

23842364 2344 j2324-j230

i) e
) 22841226 41224 2224220

o 1 3 3+4i:|
17) Simplify |:1—2i+ 1+[| A
18) If o and B are complex cube roots of unity,

prove that (1—a)(1-B) (1—a*)(1-B*) =9

19) If w is a complex cube root of unity, prove
that (1-w+w?)® +(1+w—w?)® = 128

20) If w is the cube root of unity then find the
value of

143 ) (-1-i3 )
2 )
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